We consider a Kondo-like impurity interacting with fermions on a honeycomb lattice at halffilling, as in the case of graphene. We derive from the lattice model an effective one-dimensional continuum theory which has, in general, four flavors with angular momentum mixing in the presence of internode scattering processes and six couplings in the spin-isotropic case. Under particular conditions, however, it can be reduced to a single-coupling multichannel pseudogap Kondo model.
I. INTRODUCTION
Since the experimental realization of a single monolayer of graphite [1] , named graphene, a two dimensional crystal made of carbon atoms hexagonally packed, a lot of efforts have been made to study many properties of electrons sitting on a honeycomb lattice [2] . Also the problem of magnetic impurities in such a system has become a topic of recent investigations in the last few years [3, 4, 5, 6, 7] , although a detailed derivation of the effective model is still lacking.
The main motivation of the present work is, therefore, that of deriving, from the lattice Hamiltonian, the corresponding continuum model for the Kondo-like impurity, writing the effective couplings from the lattice parameters. From angular mode expansion we get an effective one-dimensional Kondo model which has, in general, four flavors and is peculiar to graphene-like sublattice systems. Strikingly, we find that there is an angular momentum mixing only in the presence of internode scattering processes, being the valleys and the momenta locked in pairs, in each sublattice sector. The complete model has six couplings in the spin-isotropic case, however, thanks to the lattice symmetry, for some particular positions of the impurity, the number of couplings can be reduced to one, obtaining a multichannel pseudogap Kondo model sharing, now, many similarities with other gapless fermionic systems [8, 9, 10] , as for example, some semiconductors [8] , d-wave superconductors [11] and flux phases [12] .
A second issue which is worthwhile being addressed is related to interactions. In real systems logarithmic corrections in the density of states may appears, as a result of manybody effects. In order to include, at some extent, correlation effects we allow the Fermi velocity to be energy dependent. Indeed for a system of electrons in the half-filled honeycomb lattice, like graphene, an effect of Coulomb interaction is that of renormalizing the Fermi velocity [13] which grows in the infrared limit. This behavior induces in the density of states subleading logarithmic corrections. We plan therefore to analyze the effect of these corrections onto the Kondo effect in order to see how finite coupling constant transition, obtained within the large-N expansion technique [14] and renormalization group approach [15, 16] , can be affected by deviations from power law. We find that the critical Kondo coupling becomes non-universal and is enhanced in the ultraviolet by a quantity directly related to the Coulomb screening. Moreover, we find that the impurity contribution to the magnetic susceptibility and the specific heat vanish faster by log 3 than in the free case, as approaching zero magnetic field or zero temperature.
II. THE MODEL
In this section we will derive the continuum one-dimensional effective model from the microscopic lattice Hamiltonian.
A. Lattice Hamiltonian
Let us consider a honeycomb lattice which can be divided into two sublattices, A and B.
The tight-binding vectors can be chosen as follows
where a is the smallest distance between two sites. These vectors link sites belonging to two different triangular sublattices. Each sublattice is defined by linear combinations of other two vectors,
and
From these values one can derive the reciprocal-lattice vectors in momentum space and draw the Brillouin zone which has an hexagonal shape, i.e.
with six corners. We choose two inequivalent corners (the others are obtained by a shift of a reciprocal-lattice vector) at the positions
These points are actually the Fermi surface reduced to two dots approaching the zero chemical potential, i.e. at half-filling.
We will consider the following Hamiltonian defined on this honeycomb lattice
The first contribution is given by the tight-binding Hamiltonian
where t is the nearest neighbour hopping parameter, c where λ v⊥ and λ vz are the short-range Kondo couplings, S (with S ± = S x ± iS y ) is the spin of the impurity sitting at the reference position (0, 0), σ is the spin operator of the electrons located at v from the impurity. v can belong to A or B and we sum over all these vectors.
B. Derivation of 1D effective model
We now rewrite the fields c in the following way
The upper indices, 1 and 2, label the Fermi points Eqs. (4), (5) . At these particular points we get the following equalities
Expanding the slow fields ψ i L σ (r + δ) around r, introducing the multispinor
the identities σ 0 , τ 0 , γ 0 and the Pauli matrices σ i , τ i and γ i , i = 1, 2, 3, acting respectively on the spin space, ↑↓, valley space, 1, 2, and sublattice space, A, B, we get, in the continuum limit,
where
is the Fermi velocity and
a Kondo coupling matrix with the following components, containing the lattice details,
where σ =⊥, z the spin index and L = A, B the sublattice index. Eq. (15) is a DiracWeyl Hamiltonian, constant in spin-space, which, after definingψ = ψ † γ 3 , can be written F . This property plays a fundamental role on the scaling behavior of the Kondo impurity, as we are going to see. Let us rewrite the full effective Hamiltonian in momentum space,
where we have parametrized the momenta as follows
For the benefits of forthcoming discussions we first notice that the orbital angular momentum
does not commute with the Hamiltonian H 0 in Eq. (15) . On the other hand, in order to define proper total angular momenta we introduce the operator
which does commute with H 0 ,
and also with the τ 0 -components of H K . In particular, given some amplitudes ψ i Lσm (p), an eigenstate of J with eigenvalue j = m + 1 2 can be written as
Performing the following unitary transformation
to the fields
the Hamiltonian Eq. (21) becomes
+ dp
namely, H 0 becomes diagonal, the cost to pay is that the Kondo couplings depends on the angular part of the momenta,
Notice that the angular dependence ofK does not prevent the model to be renormalizable.
As one can see by poor man's scaling procedure [15, 16] , being q the intermediate momentum in the edge bands, dropping for the moment the spin indices, the contributions which renormalize, for instance, J A 0 in the particle channel are
with i = 1, 2. In the same way we can check that the corrections to J A i , with i = 1, 2, are
Analogous corrections can be verified in the hole channel. In all these corrections θ q always cancels out, recovering the right momentum dependence for the slow modes.
From Eqs. (18) (19) (20) we actually get access to the renormalization of linear combinations of the original lattice parameters λ v .
In order to reduce the problem to one dimension we proceed expanding the fields φ(p)
in angular momentum eigenmodes as follows
with m ∈ Z. Indeed, due to the gauge in Eq. (28) , transformed by U −1 p , and with amplitudes
where the subscript ± replaces the sublattice index and refers to the sign of the energy, v F pγ 3 , appearing in Eq. (30). The original field at position r = (r, ϕ), can be written as
where J m (z) are the Bessel functions of the first kind,
At r = 0 the only terms which survive are those with m = 0, −1,
, in terms of eigenvalues of J . After integrating Eq. (30) over the angles, indeed, we get in the H K only contributions with m = 0, −1, in the following
where now φ i m (p) are spinors only in spin and energy spaces. Here we are considering the spin-isotropic case, with
, to simplify the notation. In the spin-anisotropic case one simply has to replace J
In the free part of the effective model, H 0 , we keep only the contributions from the particles with m = 0, −1, the only ones which can scatter with the impurity. We now unfold the momenta from [0, +∞) to (−∞, +∞) by redefining the fields in the following way
where, in order to label the fermions, we choose the index i in valley space and the index
, the sign of the total angular momenta, eigenvalues of J , which are good quantum numbers as soon as there is not internode scattering, i.e.
we finally end up with the following one-dimensional effective Hamiltonian 
Introducing the symmetric combination for the fields
the effective Hamiltonian Eq. (42) becomes simply
which is a single channel Kondo model.
b. Impurity by substitution. If we now consider an impurity sitting on a site of the honeycomb lattice, let us say, belonging to the sublattice A, and consider only nearest neighbour couplings between the impurity and the electrons, we have λ v = 0 if v ∈ A while
, and λ v = 0 for v > a. Noticing that
we get a remarkable reduction of the number of couplings given by Eqs. (18-20)
Recalling the fields as follows
the effective Hamiltonian Eq. (42) reduces to
where the N f = 2 flavors (the valleys and the momenta are locked in pairs) are decoupled and we realize a two-channel Kondo model. The reduced model Eq. (50) is the same as that found for flux phases [12] .
c. Impurity at the center of the cell. Finally, let us consider an impurity at the center of the honeycomb cell. In this case, using Eqs. (18) (19) (20) and Eq. (47), we have
Enumerating the fields as follows, for instance,
we get the same Hamiltonian as in Eq. (50) with, now, N f = 4 flavors, realizing, therefore, a four-channel Kondo model, as in the case of d-wave superconductors [11] .
III. LARGE-N EXPANSION AND THE ROLE OF COULOMB INTERACTION
In this section we solve the model Eq. (50) in the large-N approximation, where N is the rank of the symmetry group of the impurity, which actually is equal to 2 for spin onehalf. Following the standard procedure [11, 14] , within a path integral formalism, we write S = f † α σ αβ f β , introducing additional fermionic fields f , with the constraint Q = f † α f α , the charge occupancy at the impurity site. In the Lagrangian, therefore, a Lagrange multiplier ǫ 0 is included to enforce such constraint, which is actually the impurity Fermi level. To decouple the quartic fermionic term one introduces the Hubbard-Stratonovich fields Φ i , where i = 1, ...N f , being N f the number of flavors. For impurity by substitution N f = 2, as seen before. After integrating over the fermionic fields, ζ and f , we end up with the following effective free energy, So far we have considered a model of free fermions hopping on a lattice and scattering eventually with a magnetic impurity, but in order to get more realistic predictions we should consider, at some extent, interaction effects. In order to do that, we let the Fermi velocity
This is not unrealistic since it has been shown [13] that, due to Coulomb screening in an electronic system defined on the half-filled honeycomb lattice, as in the case of a monolayer of graphene [17, 18] , the effective Fermi velocity is renormalized in such a way that v F flows to higher values in the infrared, and consequently the density of states around the Fermi energy decreases. The low energy behavior for the renormalized velocity is v F ∼ ln(ǫ −1 ) and so the density of states should behave naively as ρ ∼ ǫ v 
where η is related to the fine structure constant, for Thomas-Fermi screening it is η = e 2 /4ε v, being ε the dielectric constant, and v is an energy independent velocity. = 0, which can be written as follows [11, 12] 
where D ≤ Λ is the bandwidth. The Eq. (57) dictates the relation between the singlet amplitude ∆ ∼ i | σ ζ † iσ f σ | 2 and the impurity level ǫ 0 , at fixed occupation charge Q, and reads
For T = 0 and for a generic value of Q, we get the following behavior for the impurity
. In the non-interacting limit, formally, when η → 0, it reduces to ǫ 0 ∼ D e −2v 2 Q/∆ , in agreement with Ref. [11] . Strikingly, the limit of ∆ → 0 is finite and equal to Λ e 1/η , i.e. the two limits do not commute. This means that, in the presence of Coulomb interaction, the occupation charge for an impurity level within the bandwidth is finite only if the singlet is formed and Q ∼ ∆/2ηvv F (D). The energy scale ǫ 0 in Eq. (59) does not play the role of an infrared cut-off for ∆ → 0, and as a result, in that limit, Q goes to zero for any value of ǫ 0 . This result is different from that found in the free case [11] where the Fermi velocity is constant, v F (ǫ) = v. In the latter case ǫ 0 vanishes, approaching zero singlet amplitude, for any value of the occupation charge.
The second equation, Eq. (58), dropping the indices for simplicity, reads
Setting ǫ 0 = 0 and ∆ = 0 at T = 0, we get the following critical coupling , in the interacting case, using Eq. (61), this limit is zero. On the other hand, if we replace v with renormalized velocity v F (D), the
is finite and equal to the standard case. This is consistent with the fact that the dimensionless parameter relevant in the Kondo effect is not the bare coupling J but the product ρJ and that, in the presence of a renormalized Fermi velocity, Eq. (56), the density of states is modified as ρ(ǫ) ∼ ǫ/v F (ǫ) 2 . In order to validate this result and to get more insights one can address the problem from a renormalization group prospective, as we did in Appendix.
From Eq. (61) we find that the critical coupling J c ρ(D) is not universal, being an increasing function of the ratio D/Λ, and is larger than the corresponding mean field result in the non-interacting case for any positive D ≤ Λ.
To go beyond the tree level, one should consider quantum fluctuations, i.e. higher orders in large-N expansion, which might spoil the critical point obtained in the mean field level, as in the case of strictly power-law pseudogap Kondo systems [10] , if the particle-hole symmetry is preserved. In order to break particle-hole symmetry, however, one can include straightforwardly a gate voltage in the model [5] . In any case the role of fluctuations, in the presence of a logarithmic deviation from power-law in the density of states is still an open issue which we are not going to address here. 
We can, therefore, calculate the magnetization
and the magnetic susceptibility
For T → 0 and H ≪ ǫ 0 , we have the following magnetization
The final result for the magnetization is valid only if H ≪ Λe −∆/(vη) 2 . In the same limit the asymptotic behavior of the magnetic susceptibility is, then, given by
For Λe
, and for v F (H) → v, one recover the result for the non-interacting case [11] .
For H → 0 and T ≪ ǫ 0 , Λe −∆/(ηv) 2 , we have, instead, the following magnetic susceptibility
which crosses over to χ(T, 0) =
In the presence of Coulomb interaction, therefore, the magnetization and the susceptibility vanish logarithmically faster, as approaching zero magnetic field or zero temperature, than in the free pseudogap case. The overscreening effects pointed out in Ref. [11] is, then, enhanced by a factor on the order
3 , in the presence of a renormalized Fermi velocity induced by the Coulomb screening.
e. Specific heat. Let us calculate now the impurity contribution to the specific heat, defined as follows
For H → 0 and T ≪ ǫ 0 , we have
where ζ(3) ≈ 1.2 is the Riemann zeta function at 3. Also in this case we assume T ≪ Λe −∆/(ηv) 2 . For T larger than that energy scale, instead, C(T, 0) ≃
for η → 0 one recover the non-interacting result [11] .
For T → 0 and H ≪ ǫ 0 we have, instead, the following behavior
with χ(0, H) calculated before. Eq. (70) corresponds also to the asyptotic behavior of the impurity entropy, −∂F/∂T , for T ≪ H. The specific heat, like the magnetic susceptibility, vanishes logarithmically faster than in the case with constant Fermi velocity, approaching zero magnetic field and zero temperature. However, the Wilson ratios C/(T χ), both for T ≪ H and for H ≪ T , are exactly the same as those found in Ref. [11] .
IV. SUMMARY AND CONCLUSIONS
We have derived the low-energy continuum limit of a Kondo-like impurity model defined on a honeycomb lattice at half-filling. , with ν a constant factor, we are going to consider the following generalized Kondo equation,
where ℓ = ln(D/ǫ) with ǫ ≥ 0, a positive defined energy parameter and ρ the density of states, not yet defined. We shall be seeing that, quite in general, − lim ℓ→∞ d ln ρ dℓ is the infrared point at criticality which may or may not be a fixed point. Solving Eq. (A1) and
For positive coupling, i.e. antiferromagnetic Kondo model, we can define a critical point as
and rewriting Eq. (A2) in terms of J ′ c we have
From these result one can immediately see that, if
where we have used the de l'Hôpital rule in the second equality.
Notice that we get really an unstable infrared fixed point from Eq. (A4) only for a special functional form of the density, let us call itρ, which is the solution of
which isρ(ǫ) = νǫ J ′ c , i.e. a power law.
As an example, let us consider logarithmic deviation from power law of the following form
such that for r = α = 0 we should get the standard Kondo result and for r = 0 and α = 0 we should recover the known results for gapless systems. Assuming the form given by Eq.
(A8) for the density of states, and using Eq. , and for small η we get
